Recently Witten proposed to consider elliptic genus in N = 2 superconformal field theory to understand the relation between N = 2 minimal models and Landau-Ginzburg theories. In this paper we first discuss the basic properties satisfied by elliptic genera in N = 2 theories. These properties are confirmed by some fundamental class of examples.
Introduction
Over the past several years considerable number of studies have been made on N = 2 superconformal field theory (SCFT). Although the initial physical motivation was to construct space-time supersymmetric vacua of string theory, it has been gradually appreciated that what has been the source of continual investigations is rooted in the theory's own profundity. One notable manifestation of this, and which is not unrelated to the original motivation, is the connection of some N = 2 SCFTs to the Landau-Ginzburg models or mathematically to singularity theory [1] [2] . Quite recently, Witten [3] cast a new light on this subject by proposing to compare elliptic genera in both theories 1 . It is somewhat curious that elliptic genera in N = 2 SCFT have been paid little attention although the notion of elliptic genus was introduced long before [5] [6] [7] .
In the present work we first spell out what ought to be satisfied by the elliptic genus of N = 2 SCFT. As N = 2 superconformal algebra contains the U (1) current, the elliptic genus of N = 2 SCFT depends on the U (1) angle besides the modular parameter. The U (1) decoupling argument implies that the elliptic genus must satisfy certain two-variable functional equations which play a crucial role throughout this paper.
It is well-known that in order to construct a viable string vacuum or more generally in order for a N = 2 SCFT to have some sigma model interpretation we have to impose U (1) charge integrality [8] besides the condition that one-third of the Virasoro central charge be an integer. It is also known that this is achieved via orbifoldization by e 2πiJ 0 in the Neveu-Schwarz sector (see for instance [9] ). We will establish a method to compute the elliptic genus for such a class of orbifolds. This, in particular, enables us to compute the elliptic genera for Landau-Ginzburg orbifolds [9] and to compare them with the results obtained by the methods in [10] in the case where manifold interpretation is present. We also give a sigma model expression of the elliptic genus directly related to the geometry of the target manifold.
The organization of the paper is as follows. In Sect.2 we summarize the fundamental properties of the elliptic genus of N = 2 SCFT. In Sect.3 we give the elliptic genera of the N = 2 minimal models and Landau-Ginzburg models. It is seen that they enjoy the properties derived in Sect.2. Sect.4 explains how to compute the elliptic genus of the orbifold theory mentioned above. We then apply this formalism to the examples presented in Sect. 3 . As a by-product, we can reproduce Vafa's formula [9] for the Euler characteristic of Landau-Ginzburg orbifolds. Finally, in Sect.5, we investigate the properties and examples of elliptic genera for theories corresponding to manifolds of SU (N ) holonomy together with their sigma model expressions.
Appendix A and B summarize some useful formulae to be used in the text.
Elliptic genus
We consider the Ramond sector of an N = 2 superconformal theory with central charge c. Let L 0 (L 0 ) be a Virasoro generator of left (right)-movers and J 0 (J 0 ) be a U (1) charge operator of left (right)-movers. Following Witten [3] we define the elliptic genus
where q = e 2πiτ with τ defined on the upper half-plane, y = e 2πiz and F = F L − F R with F L (F R ) being the fermion number of left (right)-movers. Here the trace is taken over the states in the Ramond sector and the fermion parity operator in N = 2 theories is given by
where we have assumed as usual that the difference of the left and right U (1) charges is an integer [11] . In (2.1) though we have writtenqL 0 −c/24 explicitly to remind that we are dealing with the combined left and right-moving sectors the elliptic genus is of course independent ofτ by virtue of supersymmetry of the Ramond sector. Setting z = 0 in (2.1)
we have the Witten index
which may yield the Euler characteristic of the target manifold if the theory admits a sigma model interpretation [12] .
Now the fundamental properties of the elliptic genus are summarized. First of all the spectrum of the Ramond sector is symmetric under charge conjugation. Hence
We next discuss the modular property of the elliptic genus. Since the trace is taken over the Ramond sector with (−1) F insertion the boundary condition for the elliptic genus is invariant under the SL(2, Z) transformations. Thus under τ → τ + 1 it follows that
whereas under τ → −1/τ
where we have setĉ = c/3 and the z-dependence is fixed by the standard U (1) decoupling argument in N = 2 theories. Hence we find
Note that the choice a = d = −1, b = c = 0 gives charge conjugation symmetry (2.4).
Suppose that the U (1) charges of the chiral ring elements in the Neveu-Schwarz sector are multiples of 1/h. Thenĉh is an integer since the top chiral ring element has the U (1) chargeĉ. We now wish to examine the periodicity with respect to the variable z. For this we invoke the spectral flow [13] which is the inner automorphism of the N = 2 algebra
where λ is an arbitrary parameter. Since the U (1) charge is shifted byĉ/2 under the spectral flow to the Ramond sector we find for µ ∈ hZ
Furthermore under the spectral flow (2.8) with λ ∈ hZ the Ramond ground-states are mapped onto themselves. This implies
Thus we obtain the double quasi-periodicity of the elliptic genus
To summarize, the properties (2.7) and (2.11) together with the limiting behavior as τ → i∞ characterize the elliptic genus (c.f. [15] ). In unitary theories the existence of lim τ →i∞ Z(τ, z) is guaranteed. 2 We note that the transformation equations (2.7) and (2.11) correspond to some of the defining properties of a Jacobi form of weight 0 and indexĉ/2 whenĉ/2 ∈ Z and h = 1 [14] . See also footnote below (5.19).
Examples of elliptic genus
In this section we give some explicit examples of elliptic genera and see that they indeed satisfy the fundamental properties mentioned in Sect.2.
N = 2 minimal models
The N = 2 minimal models withĉ = k k+2 (k = 1, 2, ...) have been extensively studied in the literature [16] . The elliptic genera of diagonal (A-type) theories were already obtained by Witten [3] . To construct elliptic genera for the N = 2 minimal models in general we consider the (twisted) characters of the Ramond representations
where χ l,s m (l ∈ {0, . . . , k}, s ∈ {−1, 0, 1, 2}, m ∈ {−k − 1, . . . , k + 2}) are obtained through the branching relation [8] 
The elliptic genus for the N = 2 minimal model is then given by
where we used I l m (τ, 0) = δ m,l+1 − δ m,−l−1 in the second equality. It is a straightforward calculation using the properties summarized in Appendix B to check (2.7) and (2.11) with
Landau-Ginzburg models
Consider the N = 2 Landau-Ginzburg model [1] [2] with an action
where the superpotential W is a weighted homogeneous polynomial of N chiral superfields
We assume that W has an isolated critical point at the origin and ω i 's are strictly positive rational numbers such that ω 1 , . . . , ω N ≤ 1 2 . Following Witten [3] , the elliptic genus of the Landau-Ginzburg model can be computed as
where 10) and ϑ 1 (τ, z) is one of the Jacobi theta functions. Using the theta function formulae (see Appendix A) it is easy to check the expected general properties (2.7) and (2.11) of Z(τ, z)
with h being the smallest positive integer such that ω i h ∈ Z for all 1 ≤ i ≤ N . Note that the zero-mode part of the genus Z(i∞, z) is the generating function of the U (1) charges of the Ramond vacua.
In [3] , a remarkable connection between (3.9) and some Ramond characters for the N = 2 algebra was pointed out. This relation was further elucidated in [3] by constructing a free field realization of the N = 2 superconformal algebra. Witten's construction using N = 2 superfields actually coincides with the realization in terms of β-γ-b-c earlier considered in [18] . Let us introduce free fields β i , γ i , b i , c i of conformal weights (1, 0, 1, 0) with the OPEs given by
For each W one can associate a free field realization [18] of the twisted N = 2 algebra
These satisfy the twisted (topological) N = 2 algebra [19] 
which is a holomorphic piece of one of the supercharges Q + = Q +,R + Q +,L of the Landau-Ginzburg model. It is straightforward to check that Q commutes with the N = 2 currents 4 . The genus (3.9) can be identified with the index of Q on the Fock space 13) where the fermion number F is (0, 0, 1, −1) for β i , γ i , b i , c i . Since the N = 2 algebra acts on the Q-cohomology space, the elliptic genus (3.9) should be expressed as a linear combination of the N = 2 characters.
It is easy to see that the chiral primary states O|vac , O ∈ C[γ]/dW are nontrivial Q-cohomology elements. If W is of A-type, the whole Q-cohomology space is generated by such chiral primaries over the N = 2 algebra, however, in general case, there are more generators than chiral primaries. For instance, in the D 4 case we have Q = dz[(γ
and the Q-cohomology space is generated by the six generators 1, γ 1 , γ 2 , γ (3.14)
As conjectured by Witten [3] , if the superpotential W is of ADE type, the elliptic genus must coincide with that of the corresponding N = 2 minimal model computed above (3.6) . This is so since (adopting the reasoning in [15] ) both the expressions of the elliptic genus satisfy the same (2.7) and (2.11) and, as can be seen easily, possess the identical limits as τ → i∞. In the simplest non-trivial case k = 1 we can easily confirm this equality by an explicit calculation. Since we have I
4 Recently, some higher spin currents that commute with Q are also constructed in the classical limit [20] . 5 The meaning of the notation f 1 2 ,3 will become clear later.
where the Dedekind η function is given by η(q) = q 1/24 ∞ n=1 (1 − q n ) and y = e 2πiz . On the other hand, as a result of the classical quintuple product identity, we obtain
thus proving Witten's conjecture in this particular case.
Orbifoldized elliptic genus
Now that we have deduced the general properties of the elliptic genus of N = 2 SCFT and have seen some fundamental class of examples, in this section we wish to introduce a generic procedure, starting with the elliptic genera of untwisted theories, to compute the elliptic genera of a particular class of orbifold theories, i.e. the ones orbifoldized by e 2πiJ 0 in the Neveu-Schwarz sector. This type of orbifolds have been intensively studied by string theorists since forĉ = integer it is equivalent to Gepner's method [8] of constructing space-time supersymmetric string vacua.
Procedure to compute orbifoldized elliptic genus
Suppose we are given an arbitrary N = 2 SCFT whose elliptic genus Z(τ, z) satisfies (2.7) and (2.11). The contribution of the untwisted sector to the orbifoldized elliptic genus is apparently given by
To describe the contribution of the twisted α-sector projected by β we introduce 
We now set
and determine ǫ(α, β) by imposing where D is some integer satisfying
It is obvious that the orbifoldized elliptic genus defined by
obeys the same modular transformation laws as Z:
Furthermore, as a consequence of (4.3c), Z orb enjoys the same double quasi-periodicity as Z:
Ifĉ is an integer we can take D =ĉ and in this case we have a stronger quasi-periodicity
for any integers λ and µ. This shows that after orbifoldization only integral (half-odd integral) charges survive in the Ramond sector ifĉ is even (odd). Later we will investigate the caseĉ =integer in more detail.
Orbifolds of N = 2 minimal models and their tensor products
The elliptic genus of the Z h=k+2 orbifold of the N = 2 minimal model is given by
Using the properties of I l m (τ, z) it is easy to see that Z orb (τ, z) = −Z(τ, z) which is the well-known self-duality of the N = 2 minimal model. It is also not difficult to rewrite this expression using the formulae in Appendix B as 13) which is in agreement with (4.8) since we can choose D = 1.
The elliptic genus of tensor products of the N = 2 minimal model is obviously given by
Then the elliptic genus of its orbifold turns out to be
where ξ i = e 2πi/(k i +2) and h = LCM(k 1 + 2, . . . , k r + 2). This expression can also be rewritten in the form (4.8) with D = r.
Landau-Ginzburg orbifolds
One obtains the elliptic genera of the Landau-Ginzburg orbifolds [9] by simply substituting (3.9) into (4.8). Explicitly we have
As a non-trivial check of our formalism we now evaluate the Witten index of the LandauGinzburg orbifolds. For this purpose it suffices to know
where S αβ = {1 ≤ i ≤ N | ω i α ∈ Z and ω i β ∈ Z}. So the Witten index is given by
Ifĉ is an integer we can take D =ĉ as mentioned before, and hence we recover Vafa's formula [9] for the Euler characteristic of the target manifold up to an irrelevant factor
Starting with the expression of Z(τ, z) in terms of ϑ 1 (see (3.9) and (3.10)) it is also straightforward to evaluate the limit
where ((x)) = x −[x] − 1 2 and we can easily check the consistency between (4.18) and (4.19). It is also instructive to compare (4.19) with the Poincaré polynomial for the twisted sector [9] , which is left to the reader.
Elliptic genus for manifolds with SU (N ) holonomy
In this section we takeĉ = integer and consider the case in which the charge integrality in the Neveu-Schwarz sector is already imposed. The N = 2 theory will then describe a complex manifold with SU (ĉ) holonomy and clearly its elliptic genus must satisfy (2.7) and (2.11) with h = 1. Once we obtain the expression of the elliptic genus with this property we can compute the elliptic extension of theÂ (Dirac genus), σ (Hirzebruch signature) and χ (Euler characteristic) genera [10] defined bŷ
As we have seen in Sect.4, there is a systematic way to construct the elliptic genera satisfying (2.7) and (2.11) with h = 1. In particular, considering the elliptic genera of Landau-Ginzburg orbifolds we obtain milliards of concrete, but in general complicated, expressions in terms of the Jacobi theta function ϑ 1 6 . Instead in the subsequent Sect.5.1-5.3 we follow the methods in [10] to calculate the elliptic genera forĉ = 1, 2 and 3 getting 6 Although these expressions are of theoretical interest, they may not be appropriate for the practical purpose of computing expansions in q and y since they involve double summations over α and β.
simple expressions which reflects the fact that the elliptic genus is a topological invariant.
The expressions so obtained and the ones in terms of Landau-Ginzburg orbifolds share the same modular and double quasi-periodicity properties and hence they must coincide if the τ → i∞ behaviors match 7 . While at present we do not have similarly simple expressions forĉ > 3, it is possible to deduce general properties of the elliptic genus withĉ = integer and h = 1, and to see the results in Sect.5.1-5.3 in this light. This will be done in Sect.5.4.
Finally, in Sect.5.5 we give a sigma model expression of the elliptic genus and examine its properties.
5.1.ĉ = 1 Models
Forĉ = 1 the corresponding one-dimensional manifold is the complex torus. The
Landau-Ginzburg models forĉ = 1 are classified as the simply elliptic singularities with the superpotentialsÊ
where s is the marginal coupling constant. Since the elliptic genus is independent of s for it is a topological invariant the elliptic genus may be evaluated from the tensoring models.
To theÊ 6 ,Ê 7 andÊ 8 models there correspond the tensoring models 1 3 , 2 2 and 1 · 4, respectively. We then calculate the elliptic genus based on the method developed in [10] , and find that the elliptic genus vanishes identically. This agrees with the fact that the Hodge numbers for the complex torus are h 0,0 = h 0,1 = h 1,0 = h 1,1 = 1, and hence the Euler characteristic vanishes.
5.2.ĉ = 2 Models
It is well-known that the list of two-dimensional complex manifolds with SU (2) holonomy is exhausted by the complex two-tori and the K3 surface. For the tori the elliptic genus again vanishes, and thus the K3 surface is the only non-trivial example. Fortunately 7 We have checked this by computer in several cases.
the elliptic genus for the K3 surface has already been calculated in [10] . What is left to us is to recover the z-dependence in their expression. After some algebra we find
where η = η(τ ) and ϑ a = ϑ a (τ, z = 0) are theta constants for a = 2, 3 and 4. One can easily check that (5.3) satisfies (2.7) and (2.11) with h = 1 .
Substituting (5.3) into (5.1) and making q-expansions we obtain , [10] . Consequently the basic conformal blocks of modular invariant, which are called flow-invariant orbits in [10] , are decomposed in terms of the c = 1 N = 2 characters. It is crucial to note that these c = 1 N = 2 characters represent the U (1) decoupling pieces ofĉ = 3 N = 2 theory. Based on this fact the flow orbits have been classified according to the symmetry property under charge conjugation [10] . This result is sufficient for us to evaluate the elliptic genus. We find
where h 1,1 and h 2,1 are Hodge numbers of a Calabi-Yau threefold M and f 1 2 ,3 was defined in (3.15) . It is an immediate exercise to confirm that the properties (2.7) and (2.11) with h = 1 are respected by (5.6). If we let z = 0 in (5.6) we get the Euler characteristic of M Z(τ, 0) = Tr(−1)
thanks to the Euler pentagonal identity.
General Models
We now wish to point out that, as suggested by the U (1) decoupling argument, the elliptic genus in the case whereĉ=integer and h = 1 can be decomposed as
where we have introduced the coefficient functions h m (τ ) and the U (1) theta functions f m,ĉ (τ, z) whose properties are discussed below.
First let us examine f m,ĉ . It is defined forĉ integral and for m ∈ĉ/2 + Z by
We see immediately that Notice that forĉ even 12) where θ m,k (τ, z) are the level-k SU (2) theta functions (A.1).
The functions (5.9) are doubly quasi-periodic with respect to z
where λ, µ ∈ Z. Notice that this is exactly the same as (2.11) with h = 1. The modular property of (5.9) is deduced as follows: under τ → τ + 1 14) while under τ → −1/τ
where
We next turn to the functions h m (τ ). First, in view of (2.4) and (5.10), it follows that 17) for |m| ≤ĉ/2 − 1. In addition hĉ /2 (τ ) = 0 forĉ odd because of (5.11). The modular transformation (2.7) of the elliptic genus is realized if h m (τ ) obey
Notice that the property hĉ /2 (τ ) = 0 forĉ odd is preserved under modular transformations. 19) where h p,q are the Hodge numbers of the corresponding manifold M with SU (ĉ) holonomy.
Inspecting the τ → i∞ behavior of f m,ĉ (τ, z) and the Ramond vacuum charge configuration we find that the q-expansion of h m (τ ) takes the form 20) where the ellipsis contains the terms with powers ∆ m + Z >0 9 . Then we obtain with the eigenvalue unity. Thus we take 
Sigma model expression
Let M be aĉ dimensional Kähler manifold and denote the total Chern class of M by
where ξ j are the skew eigenvalues of the curvature two form i 2π R ab [23] . We propose the following formula 10 as a sigma model expression of the elliptic genus for M:
Note that in (5.27), only homogeneous terms of degreeĉ in ξ j survive when integrating over M. The modular properties and double quasi-periodicity of G are given by
where c 1 (ξ) = ĉ j=1 ξ j is the first Chern class. Thus we observe that whenever the first Chern class does not vanish the elliptic genus (5.27) suffers from the global anomaly [25] while if M has SU (ĉ) holonomy, then, by virtue of c 1 (ξ) = 0, (5.27) now satisfies (2.7) and (2.11) with h = 1. This result is in accordance with the long supported anticipation that a sigma model, whose target space is a Kähler manifold with vanishing first Chern class, allows a description as N = 2 SCFT.
By substituting (5.27) into (5.1) we find again by use of c 1 (ξ) = 0 that Finally we wish to point out that there exists another expression of (5.27) in terms of Dirac determinants on the two-dimensional torus. We have for which we assume periodicity in the space direction but a twisted boundary condition by e 2πiz in the time direction. In (5.31) the primes over determinants represent deletion of the eigenvalues corresponding to the zero eigenvalues of ∂ and∂ operators. This representation should be understandable via a path integral approach.
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